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Abstract 


In this paper, we study wavelet approximation of the Chebyshev polyno- 
mials of the first, second, third, and fourth kinds. We estimate the wavelet 


approximation of a function f having bounded first derivatives. 
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1 Introduction 


In recent years, wavelets have found their way into many different fields 
of science and engineering, particularly, in signal analysis, time-frequency 
analysis, and fast algorithms. Wavelets allow an accurate representation of 
several functions. The wavelet approximation technique is a new tool for 
finding and analyzing unexpected seismic signal processing changes. There 
is scarcely any area of numerical analysis where Chebyshev polynomials do 
not drop in like surprise visitors, and indeed there are now a number of 
subjects in which these polynomials take a significant position in modern 
developments including orthogonal polynomials, polynomial approximation, 
numerical integration, and spectral methods for partial differential equations 
(see [4, 6]). 
In Table 1, we have Chebyshev polynomials on the trivial [—1, 1]. 


Table 1: Chebyshev polynomials 


Chebyshev Polynomials Shifted Chebyshev w (weight) | w* (shifted weight 
y' 
T,(a) = cos n 0 T* (x) = T,,(2x — 1) — = 
Ula) = sin (tt) 6 Ux (a) = U,(2x — 1) 1-2? Va — x? 
os(n+4)0 * +a x 
Va(c)= A | Via) =Val2e—1) | ft 2 
sin nti 7] * —x£ =a 
Wa(e) = Sia | Wile) =Wale-1) | ft = 


With above definition, we obtain the fundamental recurrence relation: 
Wrii(x) = 2aW,,(2) —Wr_i(x), n>2, Wola) =1, W(x) = 2a +1. 


In Table 2, we have Chebyshev wavelets, for k € N, m > 0, and n = 
0,4, 2ista5 2s 
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Table 2: Chebyshev wavelets 


Sequences Chebyshev Polynomials Wavelet Chebyshev 
237, (2*t n), t 5K ’ oi )’ 
Dean 
0 otherwise. 
22U,(2*t—1), £e (2, =, 
Unim 
0 otherwise. 
22Vn(2*t—n), te [S, 244], 
Vnm 
0 otherwise. 
k 
- 22Wn(2*t—n), te (He, Se), 
n,m 
0 otherwise. 
In the following, we suppose Wnm = Tn,m,Unjm; Vnzm; Wnjm- A function 


f € L?[0,1) is expanded by wavelet series as 


f= > Cnym¥n,m(t); 


n=0 m=0 


where , 
cam = fF FO nom Ot 
0 
and Wy,m is the weight function of pseudo Chebyshevs. Also, 


bn (20) bn (22). (tt = L, 


where 
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Definition 1 (Multiresolution analysis). A sequence of closed subspaces {V; } 
of L?(R) (inner product space), j € Z, is called a multiresolution in L?(R) if 


it satisfies the following conditions: 
(i) Vi C Vian; 
(ii) f(a) € Vi <=> f(2x) € Visa; 
(iii) f(x) € Vo <> (+1) EV; 
(iv) U%,,Vj is dense in L?((R), and N&,V; = {0}; 


(v) There exists a function ¢ € Vo such that the collection {¢(a-k) : k € Z} 


is a Riesz basis of Vo. 


Definition 2. Let P,,(f) be the orthogonal projection of L7({0,1]) onto Vp. 
Then 


Paf = SS takOak n= 1,2,3,..., 


where 
An,k = (f,On,k)- 
Thus 7 
Pall) => Garton Wal 2 anes 


Definition 3. The wavelet approximation of Chebyshev polynomial is de- 
fined by 


I 


En(f) = l|f-Pa(P)ll2 =} (f(t)-Pa(f)(t))?at = O(¢(n)), 


a 


where oe 

f(t) = S- a nin Veni (t) 
si — 

f(t) = d, a Cn,mWn,m(t). 


If En(f) + 0 as n > ow, then E,,(f) is called the best approximation of f 
(see [1, 2, 3]). 


We conclude this section by a list of known lemmas. 
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Lemma 1. [5] Let f € L?({0,1]) be a continuous function such that for 
constant P > 0, |f”(x)| < P. If f(t) = Pg Po Cn,mVnm(t) is expanded 
in terms of Chebyshev polynomial of the third kind. Then the Chebyshev 
wavelet approximation Ex ;(t) of f by (2*,1)th partial sum 


2Qk-2 M-1 


Sor-2 y(t) = a S- Crym¥n,m(t), (1) 


n=1 m=0 
of its Chebyshev wavelet series in L?,,[0, 1] is given by 


1 


———.). M>1 (M is resolution) 
22k(M —1)3 


If — Sox-2 allo = O( 
Lemma 2. [5] Let f € L?([0,1]) be a continuous function such that for con- 
stant P > 0, |f”(z)| < P. If f(t) = pg Pg Cnym Wa m(t) is expanded in 
terms of the Chebyshev polynomial of the fourth kind. Then the Chebyshev 
wavelet approximation Ex ;(t) of f by (2*,1)th partial sum 


Qk-2 M1 


Sor-2 y(t) = S- ‘> Cn,mVn,m(F), (2) 


n=1 m=0 
of its Chebyshev wavelet series in L?,,[0, 1] is given by 


1 


2 = 
Ex = O(spomeern): 


2 Main results 


In this section, we consider wavelet approximation in Chebyshev polynomials 
of first, second, third, and fourth kinds and Haar wavelet. We estimate the 


wavelet approximation of a function f having bounded first derivatives. 


Theorem 1. Let f € L7({0,1]) be a continuous function and let for constant 
PS 0, fF | SPs 


(i) If f(Q) = og 0 CnsmTn,m(t) is expanded in terms of Chebyshev 
polynomial of the first kind. Then the Chebyshev wavelet approxima- 
tion Ex )(t) of f by (2*,1)th partial sum is 
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oo oo 
Sok_1 = 5 5 Caymlnyms 


n=2k-141 mal 


and 
Bae a(f) =f — sae al =O). 
- ee (L+DE 
(ii) Tf f(t) = oro op CnymUn,m(t) is expanded in terms of Chebyshev 


polynomial of the second kind. Then the Chebyshev wavelet approxi- 
mation Ex1,(t) of f by (2*+,1)th partial sum is 


oo oo 
S2k-11 = ) y CnymUn,m, 


n=2k-141 mal 
and 
P2 21+4 


TEST) 


1 
Eon_1a(f) = || f — $2x-1,1/2 = Of )3). 
(iii) If f(0) = Pg Oo CnsmVnym(t) is expanded in terms of Chebyshev 
polynomial of the third kind. Then the Chebyshev wavelet approxima- 
tion Ex ;(t) of f by (2*,1) th partial sum is 


Co 


Sok_-1 1 = 5 5 CnmVnym: 


n=2k-141 m=0 
and 


l 1  2F 1 ts 
(+1043) 141 8142 1” 


Ee (f) = Il f—sex a|I5 = O(2-2-*(In 


(iv) If f(t) = Pg Po CnymWn,m(t) is expanded in terms of Chebyshev 
polynomial of the fourth kind. Then the Chebyshev wavelet approxi- 
mation Ex )(t) of f by (2*,1)th partial sum is 


co 


S2k_1 = ) y CnymWn,m; 


n=2k-141m=0 
and 
3k 1 1 1 5 l 


oy = O(277 8 Pal 
Ena = O12 (+1) eee ee es 


)). 


Tran. J. Numer. Anal. Optim., Vol. 14, No. 1, 2024, pp 315-329 


321 Wavelet approximation with Chebyshev wavelets 


Proof. (i) We have 


Cnym = < f(Q), Tam wi 
1 
=22 | f(t)T(2*t — n)wi(kt* — n)dt 


0 
k cosé+n 1 
= 22 ——— JT,,, (cos 9) ——————- sin 6d 0 
: f( oy: )Tm (cos i=aaee 
x [" , cosd+n 
=28 | f(g) €08(m9) dd 
k cosé+n I. Z 
= 23|(f(—3e)(- =~ sinmé))Ia 
il 7, cosd@tn, , : 
+5m [ f' (3a) sin 6 sin(m6)d6] 


=25 | j/(CRT*™) sin &sin(md)a) 


zn, P 7 
Zak os Wek 
< 22 tam | sin 0 sin(mé)d6] 


k P 1 sere 
< 22(—__)|_= gj —— 
< 22( sea Fy Bin A cos(mA) |G af cos(m 0) cos(0)d6] 
<2 (f cos(m8) cos(@)d0). 
Therefore 
P Tv 
ICr ml = ae cos(mé) cos(6)d6| 
22m 0 
P vie 
Sa 3 | cos(m@)|| cos(@)|d@ 
22m? Jo 
Pr 
Se 
22m? 
P?r? 
2 
len ml” S Sed 
For Thm 


1 
Peels = oy |Tn (2"t — n)|?w1(2"t — n)dt 
0 


1 
< 2 f Tm (2*t — n)?w1(2"t — n)dt 
-1 
TT 
= —9h 
2 
gk-1 


d 
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and 
2 2 
Exx_41 =|f- S2r—1,1Il2 
co) 000 fore) l 
= S- S- Cromlam _ ~ S- tire ieall 
n=0 m=0 n=2k-141 m=0 
2k_1 0 
— 2 
— S- a CnymTn,mllo 


n=0 m=Il4+1 


2k_1 © 


= DS lenmlliTomll 


n=0 m=I+1 
k 
T 2°-1 co P27? 
—o), m4 
n=0 m=l4+1 
k 
Pep 1 
5D Dey oa 
n=0 m=Il+1 
It is follows that 
P 
For_1, =O . 
2k—1,1 (Tap? 


(ii) We have 
iL. 
[UnmlB=2* f [Um (Bt ~ n)PPua(2et — mat 


1 
= a f Um(2*t — n)*w2(2*t — n)dt 


— "ok 
2 
= 72h), 


Also, 


Cnym = < f(t), Uno >w 
1 


=22 | f(t)Um(2*t — n)w,(2*t — n)dt 


0 
= 27 : 1 WU (cos 6)sin 6 sin 0d0 
x [" ,,cosOd+n,sin(m+1)0 . 4 
= 6d 
2 | A 2k ) sind 
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0 
= =a f° f( (SF) sin(n + 1) sin 949 


2 


= 2 f( (TT) 5 (cas(mb) — cos(m + 2)6)a0 


= 227 of f( (C82 +) (cos(ond) — cos(m + 2)6)dd 


Qk 
k_1,,,cosO+n. 1, 1, a 
= 22 "Ufa UE sin(mo) — +9 Sint + 2)Io 
™ cosdtn, . 1. 1 . 
ona | f"( si ) sin i sin(mé) — we, sin(m + 2))d0 
eee | ainbt—-sinnd) = —" — ain Dy) 
Qetl 0 m 2 
P 1 : 
sabe eI [sin 0(—5 cos m6 (m +22 cos(m + 2)A]§ 
¢ 1 
toa | er | my cos(m + 2)0)dé 
Therefore 
a 1 1 
<a sO(— | | 
lenm| < Te “lf cos 6(—5 cos m0 CES)y cos(m + 2)0)d6| 
i 1 1 
< a aes : 
< ae | cos 4|(—5| cos mo + area et eae 


and 


P st 1 
< dé 
Sopa | Get wep 
Boe14 = ||f- Sor—1||3 


ec co 
= S S CamUnan —_ 


ee) l 
dd eam Tam 


n=0 m=0 n=2k-141 m=0 
P eae fore) 
a 2 
=f 3 Saale 
n=0 m=l+1 
gk-1 
= S- > leneaale ||Un ml 
n=0 m=I+1 
gk-1 
<0 Sata 
7 n=0 m=I4+1 
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2 ae 
~ get an Dd+3)) 
p 2 ofa 
< - , 
~ 93t1 a D+3) 
Therefore 
P2 W+4 4 
Bon_11 = — Sor =O 2), 
2k_-111 \|f Sk iull2 as (Ge Dd+3)) ) 
(iii) We have 
Cn ym =< f(t) Vn, m >w 


22 fs 
#[ 
-2 | 
a fs 
-2 


m(2*t — n)w 1 (2*t — n)dt 


FC 


as one 3)0 [1+cos6 err 
cos($) 1 0 
F sel cos(m i $)0 2209°O) asin § cos 2 a6 
cos(5) 2sin“(5) 2 


oe + 
ral 


_ L 
f 


eo cos(m + = 5)0 cos 5 do 


(Se (cost + 1)0 + cosmé@)d0 


cos6é+n 


1 


= —23/f( 


vat fs 
spr 
cote [ 


Qk Mn 


+1 
cos@ +n, sin @ 1 


1 
sin(m + 1)@ + — sin mé)]§ 
m 


(Seo 


cos@é+n,sin@ 1 


1 
sin(m + 1)6 + — sinmé)dé 
m+1 m 


oes 


al 
sin 0( 
m+1 


1 
sin(m + 1)@ + — sin mé)d@ 
m 


sin(m + 1)0+ Es sin m0))d6 
m 


1 
sin #sin(m + 1)@ + — sin @sin m6)]§ 
m 


1 
(Stn + 1 
0 


) 


[a gy Le 
; sin(m + 1)0 + _, (sin m6) dé 


1 1 
cos # sin(m + 1)@ — — cos @sin m6) 
1 m 


(sin mé + sin(m + 2)6) 


324 
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~~ (sin(m —1)@0+sin(m + 1)0))dé 


1 
cos m6 cos(m + 2) 


ky 1 
a Pl oa) (m+ 1)(m + 2) 


cos(m — 1)0 + cos(m + 1)4]G 


m(m + 1) 
Ontaeiy mn — 1) 

1 

(m+ 1)(m + 2) 


(cos(m + 2)m — 1) 


(cos(m — 1) — 1) 4 


And (cos(m + 1)z — 1)], 


7 2m(m — 1) 


and 


ke 
n,m =2-3-P — 
lCn,m| 5 


Sm(m +1) cos(mm — 1) 


1 
(m + 1)(m + 2) 


(cos(m + 2) — 1) 


+ Sma costn 1)x —1)4 noe poo + 1)r —1)| 
—k_j 1 F 2 F 1 2 
Sean) Gon 2) mae 
se 1 | 4 1 
lenm|? = 2-88 P (m2(m+1)2 © Got l2@t oe neue 12 
i 4 2 1 
m2(m+1)2 ' m(m+2)(m+1)2 | m2(m+1)(m—1) 
7 2 2 
m?(m+1)? — m(m+1)(m — 1)(m +4 2) 
2 
an ED\on 1? eda Doma) 
—k-2 p2 4 1 
eS Cree ee 
6 6 
m2(m+1)2 ' m(m-+2)(m +1)? 
2 
Marina)” mem Dao, 
1 1 1 1 1 1 
~ Ne ar eT Te 6m-1 
1 23 1 


a 


(m—1)? 2m+2° 


For Vnjm, we have 
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RB 


[|VnmllZ = 27? fo [Vin(2*t — n)|Pw(e)at 
0 
x ft 1+¢t 
<9 i, V2 n)?,/ ——dt 
< : + 
-9- a 
7 2 
=— 9-3-1 
Therefore 
Ex fd f = sox_1ll3 
[ovo e.<) foe) L 
= ‘2 S- Cn,mVn,m _ a > GimaVawls 
n=0 m=0 n=2k-141 m=0 
2k_1 
“1 3 enV 
n=0 m=l4+1 
2k_1 oo 
= >. > licraconel || Wresall 
n=0 m=l+1 
<o-ttn 3 (10 eee (eae 
= m2 | m+i1 
mal4+1 
1 1 1 1 
+ 1 . 
oe m—-1 (m-—1) AED 
k 1 
— i ae 101ln(J+1 ——— + 10ln(1+ 2 
2—1e(—10In(/ +1) — Sian 7 ON) 
27 «1 1 
In1 In(l ; 
cing 7 n(J + 3)) 
k l 1 27 «1 1 
= 2-2-17(101 , 
*~rl0ln dss) I4+1 Bi42 0 
Therefore 
l 1 27 «1 1 
E2,.,,=O0(27-? (1 
aki = O22? (nT Spa+3) [41 81427? 


(iv) We have 


Canim = < fd), Wr m >w 


1 
k 1-t 
ff FOWn*t— nd 5 
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= 28 [4 fl cose en poeta! l—cosé . 
sin($) 1+ cos0 


)..0 86 
2 ;—d0 
sin 5 cos 5d 


_ -28 f K pga) sin(m + 3)0 2sin?(g 
sin(4) oe 


k 5 1 
= -24 [ (SS yosin(m + 50 sin 50 


e [" ,,cosd+n 
4 if f( 3k )(— cos(m + 1) + cos m@)d0 


k,,,cosO+n 1, le 4 . 
= 23 [f(g —)(— sin(m + 1)6 + — sin mé)|6 


uaa. sin 0 1 ' 1. 
vat f Fa) oe (Ry Sinn + YO + — sin mo) d6 


9% 2 f( (a mye — ; sin(m + 1)0+ ~ sinm6)db 


1 
< 27 ip [ sin 0( 


= 2 Pl 


1 
sin(m + 1)0+ sin m0))d6 


1 1 
~~ +1)0 + — sin @sin m6)]5 
m+1 m 


aad cos 6(— 
ae ( 


k a 1 
_ attp f (San pay sind + sin(m +2)0) 
0 


1 
7 Sin(m +1)0 + —(sin mé)d6 
m 


1 
cos @ sin(m + 1)@ — — cos @sin m6) 
m 


~(sin(m 1) + sin(m + 1)6))d0 


2 
k 1 1 
Se ” i) 
2 [ om(m +1) cosm (m+ im +2) cos(m + 2)0 
1 
1)6 + 1)6)5 
am(m —1) cos(m — 1)0+ mene cos(m + 1)4]G 
k 1 1 
= 27-271 p[-—____ 2 
2 [ one) cos mm jE i)Ga22) cos(m + 2)m 
: (m—1)r+ (m+ 1) 
mtn 7 nme 7]. 
Therefore 
k 1 1 
nym = )-2-'P So L 2 
\Cnm| 2 | iD) cos mm (m+ 1)(m +3) cos(m + 2) 
: cos( 1) : cos(m + 1)z| 
m T+ m T 
2m(m — 1) m(m + 1) 
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< 2-5-1 p| 3 a 1 ~ 1 
~ 2m(m+1)  (m+1)\(m4+2)  2m(m-—1) 
k 1 il 1 1 
<2-3P 
= on Gn) md m2? 
: 1 1 1 1 
2 _ 9—-k-2 p2 
ICn.m| (Gn? + Sng 1? * (m—1)? + (tay 
1 1 + 1 ; 1 
2m(m+1) ° m(m—1) | m(m+2) ° (m+1)\(m—1) 
1 , 2 ) 
(m+1)(m+2) 9 (m—1)(m+2) 
ee ce meee Sree 
4m? A(m+1)? (m—1)2 (m+ 2)? 
5 ol 5 1 
3m—-1 3m+2” 
Exe ag =f - Sox —1,1|13 
co 600 oo l 
i tee eee 
n=0 m=0 n=2k-141 m=0 
28-1 co 
<M DL De erm 


n=0 m=Il4+1 


2k_1 0 


=> DS lenml?|l Wn mall 


n=0 m=l4+1 
3k = 1 1 1 i 
< 2-3-3 Pp? | 
ae et PIC. d(m+12° (m—1)2 (m+2)2 
5 1 5 1 ’ 
3m—-1 3m+2 
ai 1 1 if 5 l 
=2- 2-37 P? 1 ; 
OE ay yee a Eee 
Therefore 
_3k_3 I 1 5 1 
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